In this paper, the kinematics and inverse dynamics of a novel kind of mechanism called a general 3-PRS parallel mechanism is investigated. In the kinematics study, the inverse kinematics solution is derived in closed form, and the forward kinematics problem is resolved by the Newton iterative method seeking for an on-line solution to this issue. The inverse dynamics analysis is approached with two methods: Lagrangian formulations and principle of virtual work. After deriving the dynamic model by a Lagrangian formulation approach, the simulation results of two introduced examples quantitatively and qualitatively verify the accuracy of the derived dynamic equations. By introducing a simplifying hypothesis, a simplified dynamic model is set up using principle of virtual work, also a computer simulation is performed on this reduced model. The simulation results demonstrate that the simplified dynamic model is reasonable under such kind of assumptions through comparison with the precise model derived from the Lagrangian formulation. The inverse dynamics analysis provides a sound basis to develop controllers for controlling over a general 3-PRS parallel robot.
INTRODUCTION
Parallel robots have received increasing attention due to their inherent advantages over conventional serial mechanism, such as high rigidity, high load capacity, high velocity, and high precision. A definite advantage of parallel robots is the fact that, in most cases, actuators can be placed on the truss, thus achieving a limited weight for the moving parts, which makes it possible for parallel robots to move at a high speed. The major drawback of parallel robots is their limited range of motion. Considering the tradeoff between high operational precision and large working volume, parallel actuated mechanisms become ideal devices for applications that require high positional accuracy within a limited workspace.
There are many works concerning 6-DOF parallel robots. 1, 2 Although general 6-DOF parallel mechanisms, * Corresponding author such as Gough-Stewart platforms, have attracted considerable research interests in the application field of manufacture, in a sense it is not necessary to use 6-DOF in most cases. In recent years, parallel mechanisms with less than 6-DOF have attracted the attention of many researchers. Many 3-DOF parallel manipulators have been designed; extensive research work focused on the famous DELTA robot with three translational DOF, 3 Tsai's manipulator which was similar to DELTA robot but not a version of DELTA, 4 and other 3-RPS parallel mechanisms which were exploited as micromanipulators. 5 The static balancing problem of the 3-RRS spatial parallel mechanisms was discussed by using counter-weights and springs. 6 A new type of 4-DOF parallel robots called H4 was proposed. 7 Although several 3-PRS spatial parallel mechanisms were designed and analyzed, 8, 9 and different methods in actuators arrangement in these mechanisms were used, they still could be considered as the same type of mechanisms and be resolved using the same kinematics technique. In addition, although the parallel mechanisms with less DOF have been investigated extensively on a kinematic scope, investigations on their dynamics are relatively few. The dynamic model of a DELTA parallel robot based on the virtual work principle was established. 10 The dynamics of a 3-DOF in-parallel actuated manipulator was analyzed using the Lagrange approach. 11 A dynamic analysis of a 3-PRS mechanism with the actuators perpendicular to the base platform was performed. 12 The inverse dynamics analysis for a novel 3-DOF spatial parallel manipulator using the Newton-Euler method was investigated. 13 In this paper, we propose a new general type of 3-PRS parallel mechanism by modifying the current existed structure of a 3-PRS parallel mechanism, which will be more suitable for practical applications. The kinematics and dynamics analysis for this general 3-PRS parallel mechanism will become more complicated than the current existed one.
14 Based on our previous research results, 15 we analyze kinematics with constraint conditions and obtain a constrained Jacobian matrix. Hence not only the inverse kinematics problem is resolved in closed form, but also the forward kinematics problem is resolved numerically. The classical Newton iterative method is exploited for seeking an on-line solution to the forward kinematic problem. The key issue in the dynamics analysis is to establish an inverse dynamics model of the parallel manipulator, which can solve the required actuator torques given a desired trajectory of the moving platform. The dynamics of the parallel robots, which is a very important step to design a controller, tends to be very complicated in case of the actuating legs having closed-loop connections with each other. The closed mechanical chains make the dynamics of parallel robots coupled and highly nonlinear.
The rest of the paper is organized as follows: The mechanism is described and the kinematics analysis is presented in Section 2. In Section 3, the dynamic model using Lagrange equation is established. Then, by introducing hypothesis of simplification, the dynamic equations are derived through the principle of virtual work. Two examples are chosen to illustrate the dynamic simulation and verify the accuracy of the derived dynamic models. And the simulation results also show the efficiency of the adopted simplification hypothesis in Section 4. Some conclusions and future research directions are given in Section 5.
KINEMATICS ANALYSIS

Description of a general 3-PRS parallel mechanism
The architecture of a general 3-PRS parallel mechanism is shown in Figure 1 , which is composed of a moving platform, a fixed base, and three supporting limbs with identical geometrical structure. Each limb connects the fixed base to the moving platform by a prismatic joint, a revolute joint and a spherical joint in series. A linear actuator actuates the prismatic joint of each limb. Thus, the base is attached to the moving platform by three identical PRS linkages. Since the joint DOF of each limb is equal to five, each limb provides one constraint to the moving platform, hence a 3-PRS mechanism has three DOF, which are two DOF of rotation about two perpendicular axes intersecting at the moving platform center and constructing a horizontal plane, and one DOF of a vertical translated motion.
As shown in Figure 2 , a Cartesian reference coordinate frame O{x,y,z} is attached at the centered point O of the fixed triangle base platform A 1 A 2 A 3 . And another coordinate frame P {u,v,w} is attached on the moving platform at point P which is the centered point of triangle B 1 B 2 B 3 . The x-axis is along − − → OA 1 direction, and the u-axis is along − − → P B 1 direction. α is defined as the actuator's arrangement angle. In this study, we assume that β = 120
• and γ = 240
• for brevity. For a general 3-PRS parallel mechanism, let
T be a set of the joint space variables. The transformation from the moving platform to the fixed base can be described by a position vector p = [p x p y p z ]
T , and a rotation matrix 
The orientation of the moving platform can be described by three Euler angles φ, θ and ψ, which are angles rotated about z, x, and y axis of the fixed reference frame in sequence, i.e.
where c denotes cosine and s denotes sine.
A R B can also be described by Z-Y-Z Euler angles in terms of θ 1 , θ 2 , and θ 3 . Let B b i be the vector from P to B i , which can be expressed in the moving frame as follows:
The position vector q i can be obtained by
Substituting Equations (1) and (3) into Equation (4) yields
Constraint conditions
Considering the mechanical constraints imposed by revolute joints, the spherical joints B i can only move in the planes defined by vectors d i and l i (i.e. the ith actuator and the ith leg). Therefore the following three equations hold
Substituting the components of q i from Equation (5) into above three equations, yields
Hence Equations (9) to (11) impose three constraints on the motion of the moving platform.
Jacobian matrix analysis
From Figure 2 , vector loops of the ith leg can be written as
where l i0 is a unit vector of the ith leg in the direction of
represents a unit vector of the ith linear actuator. The three unit vectors can be expressed as
Vectors a i in the base platform can be expressed as
T Differentiating Equation (12) with respect to time yields (15) where υ p is the three-dimensional linear velocity of the moving platform, ω p is the angular velocity of the moving platform, υ i represents the ith actuator linear velocity, and ω i is the 3-dimensional angular velocity of the ith leg. The passive variables ω i can be eliminated by dot-multiply both sides of Equation (15) with l i0 , that is
where "·" and "×" represents the dot product and cross product between vectors respectively.
T be the vector of moving platform velocities and vector of actuator joint rates respectively. The following equation can be derived from Equation (16)
where
When the mechanism is away from singularity, we havė
q J x is a matrix in [3 × 6] . Equation (18) represents the inverse velocity solution of a general 3-PRS parallel mechanism.
The constraint equations (9)- (11) can be detailed as
Equations (19) and (20) yield
Let p z , ψ and θ be specified independent variables. Substitution of these three values into Equations (21)- (23) can calculate the constrained variables p x , p y and φ. Leṫ
where 
where J c = J G is a Jacobian matrix in [3 × 3] which includes the effect of the mechanical constraints on the mechanism. J c is defined as the constrained Jacobian matrix of a general 3-PRS parallel mechanism.
Inverse kinematics analysis
The inverse kinematics problem resolves the actuated variables from a given position and orientation of the output platform. From Figure 2 , we can obtain
where q i is expressed by Equation (4). Since p and A R B are known values, L i is also known.
Equaiton (26) yields
Squaring both sides of Equation (28) and rearranging it yields
Solving Equation (29), the inverse kinematics solutions can be derived as
We can see that there exist two solutions for each actuator, there are eight possible solutions totally for a given platform position and orientation. In this paper, only the negative square root is selected as a solution in case of the three legs are inclined inward from top to bottom.
Forward kinematics analysis
Given a set of actuated inputs, the position and orientation of the output platform is resolved by the forward kinematics. The forward kinematic problem can be resolved by nonlinear equations solving method.
Let ϕ i be measured from − − → C i B i to the fixed base platform, then the three vectors q 1 , q 2 and q 3 can also be expressed as:
The geometric distance between two spherical joints B i and
We can obtain three equations as follows:
That is e 1i cϕ i cϕ i+1 + e 2i sϕ i sϕ i+1 + e 3i cϕ i + e 4i sϕ i
Substituting the trigonometric identities
) into Equation (33) yields three fourthdegree polynomials in t 1 , t 2 , and t 3 :
where 1i = e 1i − e 3i − e 5i + e 7i , 2i = 2e 4i , 3i = 2e 6i , 4i = −e 1i − e 3i + e 5i + e 7i , 5i = −e 1i + e 3i − e 5i + e 7i , 6i = 4e 2i , 7i = 2e 4i , 8i = 2e 6i , 9i = e 1i + e 3i + e 5i + e 7i , i=1, 2, 3.
By applying Bezout's elimination method, the entire system equation can be reduced to a 16th-degree polynomial in single variable. 14 Tsai et al. 9 solved the three angles ϕ 1 , ϕ 2 and ϕ 3 for a 3-PRS parallel mechanism in case of three actuator rails parallel to one another and perpendicular to the base platform using Bezout's elimination method and an optimization technique. The three angles ϕ 1 , ϕ 2 and ϕ 3 for a general 3-PRS parallel mechanism can also be solved by the same methods. Once ϕ 1 , ϕ 2 and ϕ 3 are solved, the position vector of the moving platform is obtained by 
Then Euler angles ψ, θ and φ can be solved easily.
In this paper, the forward kinematic problem is resolved numerically by the classical Newton iterative method. For a certain poses of the general 3-PRS parallel mechanism, a system with three equations can be written as
where d(p z , ψ, θ) is the joint space coordinate vector generated from the inverse kinematic solution, and d given is the known joint space coordinate vector which can be measured. Let X n denote a given set (p n z , ψ n , θ n ), then the following equation holds according to the Newton iterative method
Applying (40) can be written as
Starting with an initial estimated value X 0 , the iterative process will end once the maximum of the absolute value of d(X k ) − d given is less than a specified tolerance. Since there are many solutions, it is necessary to start with an initial guess closed to the actual pose of the moving platform. Such an initial guess can be chosen by either the known desired pose or the pose of a previous point on the trajectory at a short time interval in the past.
A computer program is developed to implement the Newton iterative method. For the kinematic parameters of a general 3-PRS parallel mechanism shown in Table I 
where all units of the joint lengths are mm. We assume that d given is given by Equation (44), which may be measured from joint space, and we need to find an approximate numerical solution for X. Applying the numerical technique presented above with an initial guess of the following equation
and a specified tolerance 1e-6 as the stopping criterion, the convergence is reached after four iterations as shown in Table II .
INVERSE DYNAMICS ANALYSIS USING LAGRANGIAN FORMULATION
In this section, we focus on the dynamic modeling of a general 3-PRS parallel mechanism using the Lagrange method. For the inverse dynamics problem, the time history of a desired trajectory is given and the problem is to determine the forces of actuators and/or torques required to produce that motion. The first type of Lagrange's equations is applicable to mechanical systems with either holonomic or nonholonomic constraints. The constraint equations and their first and second derivatives must be involved into the equations of motion to produce a number of equations in accordance with the number of unknowns. In this regard, Lagrange's equations of the first type are more suitable for modeling the dynamics of parallel manipulators, which are complicated in case of the existence of multiple closed-loop chains. 14 Theoretically, the dynamic analysis can be accomplished by using just three generalized coordinates since a general 3-PRS parallel mechanism has 3 DOF. However, this will lead to a cumbersome expression for the Lagrange function due to the complex kinematics of the mechanism. Instead, the first type of Lagrange's equations introduce three redundant coordinates ϕ 1 , ϕ 2 and ϕ 3 . Thus we have ϕ 1 , ϕ 2 , ϕ 3 , d 1 , d 2 and d 3 as the generalized coordinates. To derive the dynamic equations of a general 3-PRS parallel mechanism, the kinetic and potential energies for all components of the mechanism must be expressed in terms of the chosen generalized coordinates and their derivatives.
Constraint equations
The constraint equations are obtained from the fact that the distance between two adjacent spherical joints equals to
Kinetic energy expression
The kinetic energy of the moving platform can be expressed as
where K Tp and K Rp represents translational and rotational kinetic energy respectively. Let m p represents the mass of the moving platform, then we have
From Equation (49) we can get the angular velocity of the moving platform
Thus the rotational kinetic energy can be expressed as
where I p represents the inertial matrix of the moving platform with respect to the fixed reference frame, and it can be expressed as
where I p is the inertial matrix of the moving platform with respect to the moving coordinate P {u, v, w}, and can be derived by 
The kinetic energy of three links is 
The translational kinetic energy of the ith link can be expressed as
li , (i = 1, 2, and 3)
is the linear velocity of the mass center of the ith link. The kinetic energy of the three sliders is
where m s denotes the mass of each slider. Therefore, the total kinetic energy of all components is given by
Potential energy expression
The total potential energy is derived by
where g is the gravity acceleration.
Lagrangian formulation
The Lagrange function is defined as
Therefore the Lagrangian equations of motion can be derived by the six generalized coordinates and their derivatives
in which T j (j = 1, 2, 3) denotes the frictional torque of the ith link and F j (j = 4, 5, 6) represents the actuating force along the direction of the ith slider. In the following discussion, we assume the frictional torque is zero. For j = 1, 2, and 3, we have
For j = 4, 5, and 6, we have
Equations (63) form a set of three linear equations in three unknowns from which the three Lagrange multipliers can be determined. Once the Lagrange multipliers are found, the actuator forces can be solved from the second group of Equations (64).
Dynamic simulations
Although it is more practical to assume the mechanism has two orientation DOF in addition to a third DOF in the z-axis direction, it is possible that the Cartesian coordinates of the centered point of the moving platform can be controlled at a sacrifice of orientation DOF, which can be illustrated by the following two cases. The rotation matrix can be expressed compactly with three Euler angles in terms of Z-Y-Z Euler angles θ 1 , θ 2 and θ 3 . The three constraint Equations (9)- (11) yield
which denote the relations between the constraint and unconstraint variables.
The following dynamic simulations are implemented using Mathematica software and animations of results are performed with Matlab software. The architecture and dynamic parameters of the general 3-PRS parallel mechanism is given in Table I .
Case 1:
In the first example, we let the moving platform move straight along z-axis at a constant speed of 5 mm/s, that is
where z 0 denotes the initial position of the center of the moving platform in z-axis direction, and t is the time variable. We assume that z 0 = −460 mm, which is within the workspace. One simulation result is shown in Figure 3 in case of Figure 3 , we can see that the three joint displacements, velocities, accelerations, and joint forces (the negative signs mean that the actuator forces are along the direction of −d i0 ) are identical since the symmetric structure of the mechanism. From viewpoint of energy conservation, the work done by three actuators W a equals to the increments of total energy of the system U that can be expressed by the kinetic and potential energy K and P , i.e.
From Figure 3(b) we can see that the relation between joint force and displacement is approximately linear, therefore, the approximated value of the work done by the three actuators can be expressed as
At different actuator layout angles, the corresponding W a and U are listed in Table III . From Table III , we can see that there is a little deviation between W a and U , which is described by
The deviation partly comes from the fact that the relationship between joint force and displacement is not linear actually. But we notice that when α = 90
• , W a equals to U exactly, the simulation result is shown in Figure 4 when α = 90
• . We can see that the three actuator forces are constants in terms of F m during the moving platform moves at a constant velocity, so the work done by three actuators exactly equals to
Therefore, the deviation between W a and U is zero. This simulation results verify partially the accuracy of the derived dynamic equations quantitatively.
Case 2:
In the second example, we let the moving platform track a helical path with the radius of r and the pitch h. The equation of the helical path with respect to the fixed frame is given by where T is the time required to travel one pitch, η is the angular frequency, and t is the time variable. We assume that z0 = −460 mm, r = 5 mm, h = 10 mm, η = π 5 rad/s, and T = 10 s.
Substituting equation (71) into Equations (65) and (66) yields
Hence we can obtain
The simulation results in case of the actuator layout angle α = 30
• are shown in Figure 5 . As the actuator layout angle is changed, the increment of total energy U (the work done by actuators) is shown in Table IV . The ranges of actuator displacements and joint forces versus actuator layout angles are shown in Figure 6 and 7, respectively. When tracking the same helical path, we can see from Table IV that the work done by actuators at various actuators layout angles is almost equivalent. From Figure 6 we can see that the actuators can move within the minimum motion range when the actuator layout angle is around 60
• , but it needs the maximum values of actuated force at the same time, which can be observed from Figure 7 . This can be explained from the viewpoint of work that is a product of force and the corresponding displacement, that is, while doing the identical work, the smaller displacement requires the larger force. The simulation results verify the accuracy of the derived dynamic equations qualitatively.
DYNAMICS MODELING WITH PRINCIPLE OF VIRTUAL WORK
Simplifying hypothesis
For a general 3-PRS parallel mechanism, the complexity of the dynamic model partly comes from the three moving legs. Equation (80) represents the inverse dynamics equation of a general 3-PRS parallel mechanism generated by the principle of virtual work, which is more simplified than the one derived through the Lagrange formulation approach, and is more suitable for real-time control.
Dynamic simulation
Let the moving platform track a helical path described by Equations (71), and calculate the actuator forces through the derived dynamics model. We compare the actuator forces generated by the two dynamics models derived through the two different approaches mentioned above, and the deviation can be calculated by
where f Lag and f pvw denote the actuator forces generated by either Lagrange equation or principle of virtual work. From the simulation results shown in Figure 8 , we can see that there is a deviation between the two dynamics models since we introduce a simplifying hypothesis in the second approach, but the deviation is not very large especially when α is larger than 20
• where δf is within the range of ± 5%. And this result demonstrates that the introduced simplifying hypothesis is reasonable. 
CONCLUSIONS
In this paper, the kinematics and inverse dynamics analysis for a general 3-PRS spatial parallel mechanism has been presented. Closed form solutions for the inverse kinematics problem are derived. The forward kinematics problem of a general 3-PRS parallel mechanism is resolved by using Newton iterative numerical method. An illustrated numerical example shows that an acceptable solution can be reached after a few iterations when using the Newton method, providing that an initial guess is closed enough to the actual solution. The kinematics analysis has laid a good foundation for the dynamics analysis.
The dynamics model of a general 3-PRS parallel mechanism is established through two approaches: Lagrange equation and principle of virtual work. By expressing the kinetic and potential energy of all the components of a general 3-PRS parallel mechanism in terms of the chosen generalized coordinates, we derive the dynamic model using the first type of Lagrange's equation. The simulation results of two cases of study quantitatively from viewpoint of conservation of energy and qualitatively from viewpoint of doing work show the validity of the derived dynamics model. By introducing a simplifying hypothesis, the dynamics model of a general 3-PRS parallel mechanism is derived by means of the principle of virtual work, which is more simplified than the one derived by Lagrangian equation. The moving platform is commanded to track a helical path, and the actuator forces are calculated with the two dynamics models. By comparing the actuator forces calculated through the two dynamics models, we can see that the efficiency of the adopted hypothesis can simplify the dynamic model greatly, and the derived dynamics model can be more suitable for real time control. The study presented here provides a sound basis for the future research work on the kinematics and dynamics control of a general 3-PRS parallel mechanism. Moreover the modeling methods and valid verification approaches presented in this paper can also be applied to other parallel mechanisms with less DOF.
